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Abstract. Electron impact double ionization cross-sections for Fe+ and Fe3+ have been calculated in
the modified binary encounter model incorporating the effects of the Coulombic field of the target on the
incident electron. Accurate expression of cross-section for energy transfer ∆E given by Vriens and Hartree-
Fock velocity distributions for the target electrons have been used throughout the calculations. The present
results show satisfactory agreement with experimental observations. It is concluded that the discrepancy in
the high energy region observed in the present calculations may be attributed to non-inclusion of indirect
ionization processes arising from the L-shell.

PACS. 34.80.Dp Atomic excitation and ionization by electron impact

1 Introduction

Electron impact ionization of ions is one of the fundamen-
tal atomic collision processes. It plays an important role in
hot astrophysical plasmas and in controlled nuclear fusion
research. Cross-sections of electron impact ionization are
required for modelling structure and dynamics of all kinds
of high temperature plasmas. In the case of nuclear fusion
research, knowledge concerning the behaviour of impuri-
ties in the plasma is important. If neutrals or ions in low
charge states are suddenly exposed to high electron tem-
perature, multiple ionization processes strongly influence
the charge state evolution. Knowledge of single and mul-
tiple ionization cross-sections for ions by electron impact
finds wide applications in plasma kinematics problems,
mass spectrometry, gas lasers, upper atmosphere physics
and astrophysics. From an applied viewpoint multiple ion-
ization processes are important in moderate and high tem-
perature plasmas and in all gaseous environments with an
abundance of energetic electrons [1]. Among different mul-
tiple ionization processes the double ionization is the most
important and hence experimental and theoretical studies
of these processes are considered to be valuable.

In the last decade experimental work on multiple
ionization of ions by electron impact has received much
attention. However, there are several difficulties in de-
termination of ionization cross-sections in case of met-
als. Therefore, ionization cross-sections in such cases have
been measured only by very few experimental groups and
for a limited number of targets. Among different inves-
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tigations an interesting work on experimental measure-
ments of cross-sections for electron impact double ioniza-
tion of Feq+ ions in charge states q = 1–6 (except 2) has
been carried out by Stenke et al. [2] using the crossed-
beams technique. These measurements are important be-
cause iron is a major constituent of a fusion reactor cham-
ber. To the best of our knowledge, no other experimental
work is available in the literature for comparison with the
above mentioned measurements. The experimental data of
cross-sections for iron ions have been compared only with
the results obtained by using the scaling laws of Fisher
et al. [3] and semi-empirical formula published by Shevelko
and Tawara [4] (see also Belenger et al. [5]). It has been
seen that the calculated results do not show satisfactory
agreement at all with the experimental data.

The theoretical description of electron impact multi-
ple ionization of ions/atoms remains a relatively unex-
plored domain. Due to extreme complexities there have
been no theoretical attempts to calculate triple and higher
multiple ionization cross-sections. Electron impact inte-
grated double ionization cross-sections of atoms and ions
in the Born approximation have been reported for a few
light targets e.g. H−, He and Li+ (see Tweed [6,7] and
McGuire [8]). Rigorous theoretical calculation of double
ionization cross-sections becomes extremely difficult as
it is related with consideration of four charged particles
in the final channel interacting through the long range
Coulomb potential [9]. Sophisticated calculations of the
integrated double ionization cross-section of atoms and
ions by electron impact are not available in literature. Due
to this reason semi-empirical formulae and scaling laws
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have been developed for calculation of multiple ionization
cross-sections. These formulae are deduced on the basis of
experimental data on multiple ionization cross-sections σn

of atoms and ions by electron impact and on the assump-
tion of the Born-Bethe dependence of σn on the incident
electron energy where n is the number of ejected electrons
(see Stenke et al. [2]).

Theoretical studies of electron impact double ioniza-
tion cross-sections are considered to be of much signif-
icance because contributions from different mechanisms
e.g. simultaneous ejection of two electrons, inner shell
ionization followed by autoionization, resonant excitation-
autoionization etc. can be separately estimated at different
impact energies. Gryzinski [10] reasonably considered the
process of direct double ionization to be a two-step inter-
action and proposed a double binary encounter model to
describe charged particle impact direct double ionization
of atoms/ions. According to this model the double ioniza-
tion may proceed via two processes. In the first process the
two electrons may be ejected from the atom/ion by two
successive interactions of the incident particle with the
target electrons. Alternatively the incident particle may
knock out only one atomic/ionic electron and the second
electron is removed by the first ejected electron. The cor-
responding double ionization cross-sections are denoted
by Qii

sc and Qii
ej respectively. Gryzinski made some un-

realistic assumptions and unjustified approximations to
obtain analytical expressions for double ionization cross-
sections. Later on Vriens [11] detected errors in Gryzinski’s
work and obtained an accurate expression for σ∆E (cross-
section for energy transfer∆E) which is used frequently in
calculations of single and double ionization cross-sections.

The simplifications and unrealistic features in
Gryzinski’s mathematical formulation have been discussed
in detail by Roy and Rai [12]. However, the idea of the
two binary encounter processes proposed by Gryzinski cor-
responds to the existence of the correlation between the
electrons of atoms and to the finite probability of the sec-
ond Born process (see Vriens [13]). Roy and Rai modified
the mathematical framework of Gryzinski’s theory of elec-
tron impact double ionization suitably incorporating the
necessary corrections. Later on this modified model for
calculation of direct double ionization cross-section was
used in case of several atomic/ionic targets and encourag-
ing results were obtained. In these calculations Hartree-
Fock (HF) and hydrogenic velocity distributions were used
while considering the ejection of the first and the second
electron respectively.

Recently Jha and Roy [14] have calculated electron
impact double ionization cross-sections for magnesium in
the modified double binary encounter model and the re-
sults obtained show reasonably good agreement with ex-
perimental observations. Nearly at the same time using
the above mentioned model Jha [15] has reported calcu-
lations of electron impact double ionization cross-sections
for singly charged positive ions. In these calculations fo-
cusing action of the target ion on the incident electron has
been incorporated along the line suggested by Thomas and
Garcia [16]. The calculated results for the ions considered

show satisfactory agreement with experimental data. In
the above mentioned calculations for Mg and ionic tar-
gets, accurate expression for σ∆E and HF velocity distri-
butions for the target electrons have been used through-
out the calculations. Encouraged by the success achieved
in previous calculations we considered it worthwhile to
carry out calculations of electron impact double ionization
cross-sections for Fe+ and Fe3+ ions in the modified dou-
ble binary encounter model in order to compare our results
with the experimental data and to analyse the direct dou-
ble ionization cross-sections involving ejection of electrons
from different shells. The choice of the above mentioned
ions for theoretical investigation has been made because
structures in double ionization cross-section curves due to
indirect ionization mechanisms have not been observed in
these cases.

Here we would like to mention that consideration of
correlation is desirable in calculation of direct double ion-
ization cross-sections. In this context, it may be noted that
calculation using correlated wave function would become
very complicated particularly for heavier targets and the
aim of adopting simplified binary encounter approach will
not be achieved. Jha et al. [17] have discussed that the
study of direct double ionization process in double binary
encounter model using HF wave functions for target elec-
trons partly takes into account the effect of correlation and
hence such studies may be considered to be reasonable.

2 Method of calculation

The theoretical methods for calculating electron impact
double ionization cross-sections of positive ions have been
described by Jha [15]. Keeping in view the convenience for
the reader we consider it worthwhile to discuss briefly the
ideas and method of calculation used in the present work.

Thomas and Garcia [16] have modified the binary en-
counter model for ionization by charged particle impact
to evaluate the cross-section for ionization of positive ions
by electron impact. In vicinity of the positive ion, the
Coulombic field has been considered to cause an increase
in kinetic energy and decrease in impact parameter of the
incident electron. It has been shown that the ionization
cross-section incorporating the two effects can be obtained
using the relation.

σI(E1) = σI(E′
1)
[
1
2

+
1
2
(
1 + Z ′e2/E1ξ

)1/2
]2
. (1)

In the above expression the symbols E1, Z ′e and σI(E′
1)

denote incident energy, charge on the target ion and
ionization cross-section at increased electron energy E′

1

(E′
1 = E1 + Z ′e2/ξ). Here ξ is the collision radius whose

value depends upon the ionic radius and the electron-
electron separation.

In order to obtain direct double ionization cross-
section at increased energy E′

1 we have integrated the ex-
pression for Qii

sc and Qii
ej numerically over energy transfer

and the HF momentum distribution for ejection of the two
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electrons and they take the form (see Jha [15])

Qii
sc =

ne(ne − 1)
4πr̄2

∞∫
t=0

E′
1−Uii∫
Ui

σ∆E

×

⎡
⎢⎣

∞∫
t=0

E′
1−∆E∫
Uii

σ∆E′f(t)U1/2
ii d(∆E′)dt

⎤
⎥⎦

× f(t)U1/2
i d(∆E)dt × 8.797 × 10−17(πa2

0) (2)

and

Qii
ej =

ne(ne − 1)
4πr̄2

∞∫
t=0

E′
1∫

Ui+Uii

σ∆E

×
⎡
⎣

∞∫
t=0

∆E−Ui∫
Uii

σ∆E′f(t)U1/2
ii d(∆E′)dt

⎤
⎦

× f(t)U1/2
i d(∆E)dt × 8.797 × 10−17(πa2

0). (3)

Using dimensionless variables s and t introduced by
Catlow and McDowell [18] σ∆E is given by (see Jha [15])

σ∆E =
2

(s2 + t2 + 1)u

[(
1

∆E2
+

4t2u
3∆E3

)

+

(
1

(s2u+ u−∆E)2
+

4t2u
3(s2u+ u−∆E)3

)

− φ

∆E(s2u+ u−∆E)

]
(4)

where φ = cos{(s2u+ u)−1/2 ln s2}.
In terms of the above mentioned variables the factor

connecting the cross-sections at incident and increased
electron energies becomes (s + s′)2/4s2, s and s′ corre-
sponding to E1 and E′

1 respectively. To obtain the values
of Qii

sc and Qii
ej at incident energy E1 the expression cor-

responding to increased energy E′
1 should be multiplied

by the above mentioned factor (see Jha [15]). Due to in-
distinguishability of electrons in the symmetrical model of
Vriens [11], Qii

sc and Qii
ej are exactly equal at all incident

energies (see Kumar and Roy [19]) and hence in order to
obtain double ionization cross-section either of the cross-
sections should be multiplied by two. In equation (2) u and
s2 have been replaced by Ui and E′

1/Ui in the expression
for σ∆E . In case of σ∆E′ the corresponding replacements
have been made by Uii and (E′

1 −∆E)/Uii.
The momentum distribution function f(t) appearing

in equations (2, 3) is given by (see Catlow and Mc
Dowell [18])

f(t) = 4πt2uρnl(tu1/2). (5)

Here ρnl = (2l + 1)−1
m=+l∑
m=−l

|ψnlm(x)|2 where ψnlm(x) =

(2π)−3/2
∫
φnlm(r)eix·rdr is the Fourier transform of the

one electron orbital φnlm(r) = NnlRnl(r)Ylm(Ω) in which
Rnl(r) is the Hartree-Fock radial function. f(t) has been
constructed replacing u by Ui and Uii for the ejection of
the first and the second electron respectively.

We have considered total cross-section for electron im-
pact direct double ionization as given by

Qii
D = Qii

D(4s, 3d) +Qii
D(4s, 3p) +Qii

D(4s, 3s) (6)

and

Qii
D = Qii

D(3d, 3d) +Qii
D(3d, 3p) +Qii

D(3d, 3s) (7)

for Fe+ and Fe3+ respectively. Here Qii
D(4s, 3p) denotes

the double ionization cross-section corresponding to one
electron ejected from the 4s shell and the other from the
3p shell. The factor ne(ne − 1)/4πr̄2 has been suitably
modified for considering the modes of ionization in which
electrons are ejected from different shells. ne(ne − 1) has
been replaced by ne1 × ne2 where these two stand for
the number of electrons in shells under consideration. We
have used the binding energies of the shells of ions as given
by Clementi and Roetti [20]. The ionic radii reported by
Fraga et al. [21] have been used in the present calcula-
tions. The momentum distribution function has been cal-
culated using Hartree-Fock radial wave functions given by
Clementi and Roetti [20].

3 Results and discussion

Experimental measurements of electron impact double
ionization cross-sections for Fe+ and Fe3+ have been car-
ried out in the energy regions from the respective thresh-
olds to 900 eV. First of all we would like to discuss the
degree of agreement of the results calculated using scal-
ing laws of Fisher et al. [3] and semi-empirical formula
of Shevelko and Tawara [4] with the experimental data.
In case of Fe+ both the calculations underestimate the
cross-sections beyond 100 eV impact energy. At 900 eV
(the highest energy considered) the calculations using the
semi-empirical formula of Belenger et al. [5] and the scal-
ing laws of Fisher et al. underestimate the cross-sections
by about 40% and 45% respectively. The agreement of the
calculations with the experimental data is much worse in
case of Fe3+. The calculation using the semi-empirical for-
mula of Belenger et al. severely underestimates the cross-
sections at all impact energies and the cross-section curve
is almost flat in the region of maximum cross-section. The
results obtained by scaling law underestimate the cross-
sections at low impact energies but they show overestima-
tion beyond 200 eV. The overestimation becomes much
pronounced in the energy region 500–900 eV and the cal-
culated cross-sections are found to differ from the exper-
imental data by a factor more than 2 and at 900 eV the
factor becomes 2.7. The position of the calculated peak is
found to be shifted by about 200 eV on the higher energy
side as compared to its experimental counterpart. A dis-
cussion on the present investigation for Fe+ and Fe3+ is
given below.
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Fig. 1. Electron impact double ionization cross-sections of
Fe+: (- - - -) contributions of (4s, 3d); (– – –) contributions of
(4s, 3p); (– · –) contributions of (4s, 3s); (—–) total; (• • •) ex-
perimental data [2].

Fig. 2. Electron impact double ionization cross-sections of
Fe3+: (- - - -) contributions of (4s, 3d); (– – –) contributions of
(4s, 3p); (– · –) contributions of (4s, 3s); (—–) total; (• • •) ex-
perimental data [2].

Our results of double ionization cross-sections along
with the experimental data obtained by Stenke et al. [2]
have been presented in Figures 1, 2 and Tables 1, 2. The
contributions to direct double ionization of Fe+ from ejec-
tion of (4s, 3d), (4s, 3p), and (4s, 3s) electrons have been
shown separately in Figure 1 and Table 1. Similarly Fig-
ure 2 and Table 2 for Fe3+ contain separate contributions
from ejection of (3d, 3d), (3d, 3p) and (3d, 3s) electrons.
We have not presented the calculated cross-sections using
scaling laws and semi-empirical formula, as they do not
show satisfactory agreement at all with the experimen-
tal data. We have carried out calculations of double ion-
ization cross-section from the ground state configurations
3s23p63d64s and 3s23p63d5 for Fe+ and Fe3+ respectively.

The calculated results for Fe+ overestimate the dou-
ble ionization cross-sections at low impact energies but at
85 eV the theoretical result becomes within a factor of 2
of the experimental value. Beyond this energy our results
show closer agreement with experiment and the calculated
results are found to be within a factor of 1.5 of the exper-
imental values in the energy region 115–200 eV. At still
higher energies the calculated results are found to be closer

and closer to experimental values and at 440 eV they are
almost identical. Beyond this energy value the experimen-
tal cross-sections become larger than the calculated ones
but they remain within a factor of 1.25 up to 600 eV. At
still higher energies the ratio of experimental to theoret-
ical cross-sections increases with increase in energy and
becomes 1.4 at 900 eV. It is seen that the present calcula-
tion underestimates the cross-section by 29% at the high-
est energy considered. Stenke et al. have observed a peak
of magnitude 1.42 × 10−17 cm2 at about 220 eV impact
energy whereas a peak of magnitude 2.07 × 10−17 cm2 at
190 eV is obtained in the present calculation. Thus the po-
sition of the theoretical cross-section maximum is shifted
by about 30 eV on low energy side. In the region of max-
imum experimental cross-section the theoretical result is
found to be 1.4 times larger than the observed value and
can be considered to be satisfactory.

The theoretical results of double ionization cross-
section for Fe3+ also are found to overestimate the cross-
sections at low impact energies. However, the calculated
cross-section becomes within a factor of 2 of the experi-
mental result at 150 eV impact energy and beyond this
energy the experimental and theoretical cross-sections be-
come closer rapidly. It is seen that at impact energies
180 and 212 eV the theoretical cross-sections are within
a factor of 1.5 and 1.25 of the experimental data. This
trend continues at still higher energies and the theoreti-
cal cross-sections become closer and closer to experimen-
tal data till they become almost identical at 335 eV. Be-
yond this energy the experimental cross-sections become
larger and larger than theoretical values with increase in
energy. The theoretical cross-sections differ from experi-
mental data within a factor of 1.25 up to 555 eV impact
energy. Finally the experimental cross-section is found to
be 1.56 times larger than the calculated value at 900 eV.
It is seen that the present calculations underestimate the
cross-section by 35.3% at the highest energy considered.
In the experimental investigation cross-section maximum
of magnitude 3.76× 10−18 cm2 is observed at 400 eV im-
pact energy whereas the theoretical calculation predicts
a peak of magnitude 3.78 × 10−18 cm2 at 300 eV. Thus
the magnitude of the calculated peak is almost identical
to that found in experiment, but its position is shifted
by about 100 eV towards low energy side. In the region of
maximum experimental cross-section the theoretical result
is found to be about 92% of the observed value showing
good agreement with experiment.

Now we would like to discuss the common features
of the calculated double ionization cross-sections of Fe+

and Fe3+. It is found that the theoretical results overes-
timate the cross-sections at low impact energies. In this
context, it may be noted that overestimation at low ener-
gies is a usual feature of calculations of ionization cross-
sections in the BEA. The shift in position of the calcu-
lated peaks towards low energy side may be attributed
to overestimation of cross-sections at low impact energies.
The magnitudes of the cross-sections in general (above
85 eV for Fe+ and 150 eV for Fe3+) show a satisfac-
tory agreement with experimental data but there is some
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Table 1. Electron impact double ionization cross-sections of Fe+in units of 10−17 cm2.

Energy (eV) Contributions Contributions Contributions Total Experiment [2]

of (4s, 3d) of (4s, 3p) of (4s, 3s)

50 0.25 0.25 0.03

55 0.46 0.46 0.08

60 0.64 0.64 0.14

65 0.79 0.79 0.19

70 0.90 0.90 0.25

75 0.98 0.98 0.38

80 1.03 1.03 0.48

85 1.07 1.07 0.55

90 1.10 1.10 0.68

95 1.12 0.10 1.22 0.76

100 1.13 0.19 1.32 0.85

105 1.13 0.27 1.40 0.91

110 1.13 0.37 1.50 0.98

115 1.12 0.46 1.58 1.05

120 1.11 0.54 1.65 1.10

130 1.09 0.64 1.73 1.17

140 1.06 0.72 0.09 1.87 1.22

150 1.03 0.77 0.15 1.95 1.30

160 1.00 0.81 0.19 2.00 1.32

175 0.95 0.84 0.25 2.04 1.35

190 0.93 0.85 0.29 2.07 1.38

205 0.86 0.85 0.32 2.03 1.41

220 0.82 0.84 0.33 1.99 1.42

240 0.77 0.82 0.34 1.93 1.41

250 0.74 0.80 0.35 1.89 1.40

260 0.72 0.79 0.35 1.86 1.40

280 0.67 0.77 0.35 1.79 1.40

300 0.63 0.74 0.35 1.72 1.38

330 0.58 0.69 0.34 1.61 1.37

360 0.53 0.66 0.33 1.52 1.35

400 0.48 0.61 0.31 1.40 1.32

440 0.44 0.56 0.29 1.29 1.25

545 0.37 0.49 0.27 1.13 1.20

565 0.34 0.45 0.25 1.04 1.17

600 0.31 0.42 0.24 0.97 1.13

655 0.26 0.39 0.22 0.87 1.10

700 0.26 0.36 0.21 0.83 1.04

750 0.24 0.34 0.19 0.77 1.02

800 0.22 0.32 0.18 0.72 0.97

900 0.20 0.28 0.16 0.64 0.90

discrepancy in the high energy region where the calcu-
lated cross-sections are found to be smaller and smaller
as compared to experiment with increase in energy. This
discrepancy reflects the possibility of some other physical
processes contributing to double ionization. Structures in
experimental double ionization cross-section curves of
Fe4+, Fe5+, Fe6+ in high energy region have been at-
tributed to indirect ionization processes arising from inner
shells (see Stenke et al. [2]). However, there are no clear
indications of structures in the double ionization cross-
section curves for Fe+ and Fe3+ but the decrease in ex-

perimental cross-section is rather slow in the energy region
220–900 eV for Fe+ and 400–900 eV for Fe3+. Experimen-
tal data of Fe+ and Fe3+ at 900 eV show decrease of about
37% and 25% respectively as compared to maximum cross-
sections. This is not in accordance with the usual trend of
direct double ionization cross-sections which show a faster
decrease in high energy region after attaining the maxi-
mum value.

In case of double ionization of Fe4+, Fe5+ and Fe6+

ions a second rise of cross-section is experimentally ob-
served which is correlated to inner shell effects (excitation
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Table 2. Electron impact double ionization cross-sections of Fe3+in units of 10−18 cm2.

Energy (eV) Contributions Contributions Contributions Total Experiment [2]

of (3d, 3d) of (3d, 3p) of (3d, 3s)

100 0.36 0.36 −0.05

110 0.81 0.81 −0.03

130 1.48 1.48 0.30

140 1.69 0.05 1.74 0.67

150 1.86 0.18 2.04 1.02

155 1.94 0.27 2.21 1.28

165 2.02 0.39 2.41 1.50

180 2.12 0.58 0.05 2.75 1.94

190 2.16 0.68 0.12 2.96 2.26

200 2.18 0.77 0.20 3.15 2.42

212 2.19 0.86 0.29 3.34 2.72

225 2.18 0.93 0.38 3.49 2.96

250 2.14 1.03 0.52 3.69 3.21

280 2.07 1.08 0.61 3.76 3.38

300 1.99 1.11 0.68 3.78 3.58

335 1.89 1.11 0.73 3.73 3.64

365 1.79 1.09 0.75 3.63 3.70

400 1.67 1.05 0.76 3.48 3.76

455 1.52 0.99 0.74 3.25 3.68

505 1.39 0.93 0.72 3.04 3.59

555 1.28 0.88 0.69 2.85 3.50

600 1.18 0.82 0.65 2.65 3.43

650 1.09 0.77 0.62 2.48 3.28

700 1.01 0.72 0.59 2.32 3.13

760 0.93 0.67 0.55 2.15 3.00

820 0.85 0.62 0.51 1.98 3.00

850 0.81 0.59 0.50 1.90 2.90

900 0.77 0.56 0.47 1.80 2.81

double autoionization) and becomes stronger with increas-
ing charge state. Besides contributions from excitation
double autoionization processes, a remarkable number of
structures arising from resonant excitation – triple – auto-
ionization are observed [2]. Employing the multiconfigura-
tional Dirac-Fock code of Grant et al. [22], Stenke et al. [2]
have calculated and presented the ionization thresholds of
inner shell electrons and excitation energies of some con-
figurations relative to 3s23p63d4, 3s23p63d3 and 3s23p63d2

ground state configurations of Fe4+, Fe5+ and Fe6+ ions
respectively. With the help of these results they have at-
tempted to identify the observed structures in case of the
above mentioned ions. However, they have not presented
such calculations for Fe+ and Fe3+. The above mentioned
discussion prompts us to think about the possibility of in-
direct ionization processes arising from the L-shell with
moderate contribution to double ionization of Fe+ and
Fe3+ at high impact energies. Thus, it is expected that
inclusion of the contributions of inner shell effects would
improve the theoretical results at high energies leading
to better agreement with experiment. Unfortunately it is
not possible to calculate excitation-autoionization cross-
section in the BEA. However, our calculations show sig-
nificant improvement over the results obtained by using

the scaling law of Fisher et al. and semi-empirical for-
mula of Shevelko and Tawara [4]. It is found that the
present theoretical study gives a reasonable prediction of
the experimental data, position and height of the maxi-
mum cross-section as well as the shape of the cross-section.
It is expected that this work would stimulate other theo-
retical workers to take up further study of the problem.

One of us L.K.J. is thankful to UGC, Govt. of India for sanction
of project No. PSB-00210102.
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